In this paper, we present shift-invariant filtered backprojection (FBP) cone-beam image reconstruction algorithms for a cone-beam CT system based on a clinical C-arm gantry. The source trajectory consists of two concentric arcs which is complete in the sense that the Tuy data sufficiency condition is satisfied. This scanning geometry is referred to here as a CC geometry (each arc is shaped like the letter "C"). The challenge for image reconstruction for the CC geometry is that the image volume is not well populated by the familiar doubly measured (DM) lines. Thus, the well-known DM-line based image reconstruction schemes are not appropriate for the CC geometry. Our starting point is a general reconstruction formula developed by Pack and Noo which is not dependent on the existence of DM-lines. For a specific scanning geometry, the filtering lines must be carefully selected to satisfy the Pack-Noo condition for mathematically exact reconstruction. The new points in this paper are summarized here. (1) A mathematically exact cone-beam reconstruction algorithm was formulated for the CC geometry by utilizing the Pack-Noo image reconstruction scheme. One drawback of the developed exact algorithm is that it does not solve the long-object problem. (2) We developed an approximate image reconstruction algorithm by deforming the filtering lines so that the long object problem is solved while the reconstruction accuracy is maintained. (3) In addition to numerical phantom experiments to validate the developed image reconstruction algorithms, we also validate our algorithms using physical phantom experiments on a clinical C-arm system.
INTRODUCTION
Interventional C-arm systems provide image guidance for minimally invasive interventional procedures where high contrast objects such as bony structure and iodinate-filled vasculature are often the primary imaging targets. Besides the intensive investigations in commercial environments, many investigators in academic environments have also investigated C-arm based cone-beam computed tomography (CT) systems 1-4 using either an x-ray image intensifier (XRII) or a large area flat-panel detector. In these investigations, the image object is often scanned using a single circular(arc) scanning path. From the image reconstruction point of view, it is clear that the single circular(arc) scan does not provide sufficient projections to achieve an accurate image reconstruction for image points off the scanning plane. The severity of cone-beam artifacts increases when large longitudinal coverage is desired. 4, 5 Note that the scatter induced artifacts also increase when the longitudinal scanning coverage is increased. These two factors together confound the final cone-beam CT image quality. In this paper, we select to only address the issue of the cone-beam artifacts.
In order to eliminate cone-beam artifacts, the scanning path should fulfil the Tuy data sufficiency condition. 6 Based on a C-arm gantry, different complete trajectories may be implemented such as two concentric arcs, and arc plus line. In our lab, a flat-panel cone-beam CT data acquisition system was developed 4, 5 using a GE Innova 4100 (GE Healthcare, Waukesha, Wisconsin) clinical system. Using this system, it is convenient to implement a complete source trajectory using two concentric arcs (each arc has an angular coverage of 210
• ) as shown in Figure 1 . This scanning geometry is referred to as a CC geometry in this paper (each arc is in the shape of the letter "C"). The implementation of the CC trajectory does not require patient bed movement, which is highly desirable in an interventional angio-suite.
The CC scanning trajectory is complete in the sense of the Tuy data sufficiency condition. Therefore, a mathematically exact reconstruction algorithm can be developed to eliminate the cone-beam artifacts that appear when imaging with a single circular(arc) scan. In the past several years, image reconstruction algorithm development has been significantly advanced. Two general image reconstruction frameworks have been developed: the first is filtered backprojection (FBP)-type image reconstruction [7] [8] [9] [10] [11] [14] [15] [16] and the second involves filtering the backprojection image of differentiated projection data (FBPD). [17] [18] [19] [20] [21] [22] [23] Based upon these general image reconstruction schemes, algorithms have been specifically derived for some circle(arc)-based source trajectories. 8, 11, 12, 20, [24] [25] [26] [27] [28] [29] The algorithms developed in 11, 20, 25, 26 depend on an important geometrical property of the source trajectory: existence of at least one doubly measured line (DM-line) for each image point. Unfortunately, for the CC geometry, DM-lines do not well populate the image volume. In fact, as shown in Figure 1 , for any point inside the pentahedron O − A − B − C − D, but not within the two scanning planes (plane AOC and plane BOD), a line passing through any point will not intersect with the source trajectory simultaneously at two points. Based upon this simple observation, DM-line based image reconstruction schemes can not be directly adapted for the CC geometry. Recently, a shift-invariant FBP image reconstruction formula was developed by Pack and Noo.
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A very attractive feature of the Pack-Noo formula is that it does not depend on the existence of the DM-lines. Simply speaking, whenever a group of filtering lines can be found to satisfy a condition (in this paper, we refer to this condition as the Pack-Noo condition), then Pack-Noo's formula achieves a mathematically exact reconstruction. A general form of filtering lines which satisfies Pack-Noo condition has been given in the paper by Pack and Noo for an "umbrella" geometry, 16 and has been generalized to other source geometry by Yang et al..
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Most recently, the Pack-Noo reconstruction scheme has been successfully adapted to devolpe algorithms for several scanning geometries. For a closed geometry such as a saddle trajectory, 30, 31 a circular sinusoid trajectory, 32, 34 or a two circles trajectory, 32 the developed image reconstruction algorithm does solve the longobject problem. While for the twisted helix geometry the Pack-Noo formula does not provide a solution for the long-object problem.
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In this paper, we develop a shift-invariant cone-beam FBP algorithm for the CC scanning geometry which is based upon the Pack-Noo reconstruction scheme. For a short image object, a mathematically exact image reconstruction algorithm is presented for the CC geometry. However, the exact algorithm does not solve the long object problem. In order to overcome this problem, we design a scheme to deform the filtering lines yielding an approximate image reconstruction algorithm. This approximate algorithm solves the long-object problem while maintaining the accuracy of the reconstruction. We have validated the developed image reconstruction algorithms by using mathematical phantom data and physical phantom data acquired from our experimental system.
REVIEW PACK-NOO IMAGE RECONSTRUCTION SCHEME
We briefly review the Pack-Noo image reconstruction scheme in this section. Denote the cone-beam projection of an image function f ( x) from a source point y(t) in the direction ofr as:
Given an image point x and projection data acquired from a continuous segment of the source path Λ(t I , t F ) (view angles t I and t F parameterize the end points of this path), the filtered backprojection data κ[ x,ê, Λ(t I , t F )] is obtained using
andê is an arbitrary unit vector.
As proved by Bontus et al., 13 the function κ[ x,ê, Λ(t I , t F )] is related to the second order derivative of the Radon transform of the image function (R f (ω, x ·ω)) by:
Comparing the above formula with the 3D Radon inversion formula,
for any (or almost any
. The same conclusion has also been obtained in 14 using a different approach. Based upon this observation, an image reconstruction algorithm is obtained by selecting a unit vectorê which satisfies the condition (5).
Pack and Noo further extended the above results. They developed the following image reconstruction formula
given that
where, one continuous path of the source trajectory is denoted by Λ l (t l I , t l F ) with t l I and t l F denoting the view angles of the starting and ending points of that path. Each continuous path is associated with one unit vector e l which is used to determine the filtering lines. In this paper, condition (7) will be referred to as the Pack-Noo condition. For a unit vectorê that does not depend on the view angle t, the σ-function in Equation (4) can be calculated using
Utilizing the above formula, a simple selection of unit vectorsê l which satisfy the Pack-Noo condition (7) was derived for an "umbrella" trajectory with three legs 16 and a FBP image reconstruction formula was thus obtained. In the next section, we will employ this reconstruction scheme to design an image reconstruction algorithm for the CC-geometry.
AN EXACT RECONSTRUCTION ALGORITHM FOR THE SOURCE TRAJECTORY OF TWO CONCENTRIC ARCS
The CC-geometry consisting of two concentric arcs with equal radius R (Figure 2 (a)) is parameterized as :
where, µ i (i = 1, 2) denotes the angle between each scanning plane and the x − y plane. The notations t As shown in Figure 2 (b), a plane parallel to the xz plane will intersect the source trajectory at four points A, B, C and D. The view angles that parameterize these four points are given by:
I i and t
It is clear that there exists a continuous source path connecting any two adjacent vertices of the rectangle ABCD (for instance, the path from A to B may be formed using two sub arcs AO and OB). The following formula can be used to reconstruct the density value at any image point x which is inside the rectangle ABCD:
and the continuous source paths
This reconstruction formula written using flat-panel detector coordinates is also given in Appendix A.
Analysis of the exact reconstruction formula
The key component of the reconstruction formula (Equation (12)) is the κ-function defined in Equation (2) . When computing the κ-function using a third generation flat-panel-detector data acquisition geometry, a 1D filtering process is performed along the lines which are the intersection between the detector plane and the plane spanned by the unit vectorsβ andê as shown in Figure 3 (a). For a fixed unit vectorê, all the filtering lines for one view angle will pass through a detector point where the ray starting from the source point in the direction of the unit vectorê intersects the detector plane (Figure 3(a) ). We denote this particular detector point by E(ê, t).
We now determine whether the long object problem can be solved for the CC-geometry using formula (12) . Formula (12) may be rewritten as:
Thus, we only need to analyze whether longitudinal data truncation is tolerable when calculating each of the
for a specific choice of the unit vectorê, and all image points x within a volume of interest (VOI).
Using a CC scanning geometry, the patient bed is usually set up along the z-direction of the coordinate system as shown in Figure 2 (b). In this case, the patient can be approximately modelled by a cylindrical object given by
Suppose the VOI is a portion of the cylinder with |z| < H. As shown in Figure 3 (t)
. This region is further divided into two sub-regions S 1 (t) and S 2 (t) by the solid line shown in Figure 3 (b). The cone-beam projection of the VOI at each view angle is denoted by P (t). At a given view angle, the filtered data within the region BP (t), which is the overlap region between the regions P (t) and S 1 (t), will be backprojected to the image space as shown in Appendix B. It is obvious that if a filtering line that passes through the region BP (t) is completely inside the region S 1 (t) for t ∈ [t O , t V ], the filtration will utilize the projection data along that line of the whole cylinder when calculating the κ-function. This situation will happen when the fixed point E(ê, t) belongs to the region S 1 (t). In this case, other filtering lines may also require a very large detector to provide necessary projection data as they are intersecting at one point E(ê, t) within the region S 1 (t) (Figure 3(b) ). Thus, longitudinal data truncation is not well tolerated when computing the functions κ[ x,ê, 
the regions S(t), S1(t), S2(t), P (t) and typical filtering lines on the detector plane. The region S(t) is divided into S1(t)
and S2(t) by the solid line. The filtering line drew by dash-dotted line is completely inside the region S1(t) while dotted line is partially inside.
For the CC scanning geometry given by Equation (9) and a cylindrical image object given by Equation (15), the points E(ê A , t) and E(ê C , t) are located at the intersection point of the two boundary lines of S(t) and the points E(ê B , t) and E(ê D , t) are located at one of the boundaries of the region S 1 (t) as shown in Appendix B. One filtering line associated with the fixed points E(ê V , t), V = B, D belongs to the region S 1 (t). Every filtering line associated with the fixed points E(ê V , t) for V = A, C is completely inside the region S 1 (t). Therefore, filtration using these filtering lines requires the projection data of the entire cylinder to have been measured. Thus, formula (12) can not solve the longitudinal data truncation problem which is inevitable in the clinical setting. An approximate algorithm was developed to overcome this problem and is presented in the next section.
AN APPROXIMATE ALGORITHM FOR THE CC GEOMETRY
In this section a practical approximate algorithm for the CC geometry to solve long object problem is developed. The strategy we utilized is to deform the filtering lines so that filtering process will only utilize measured projection data. Several deformation methods may exist. In this paper, the deformation will have the property that the set of filtering lines at each view angle will share a common point on the detector as in the case of exact algorithm. As shown in Figure 4 , the two boundaries of the conebeam projected cylinder (which defined the region S(t)) on the detector plane intersect with the u-axis of the detector coordinate system at two points, B ± (t). If the fixed point E(ê, t) is chosen along the u-axis but either to the left of the point B + (t) or to the right of the point B − (t) for each view angle, none of the filtering lines reside completely inside the region S(t) (Figure 4) . Thus, longitudinal data truncation is acceptable when computing the functions κ[ x,ê, Λ(t O , t V )] using this choice of the point E(ê, t). Note also, using the exact reconstruction formula as given by Equation (14) , each sub arc (AO, BO, CO, DO) will be used twice when forming all the continuous paths along the source trajectory. Since each continuous path is associated with one unit vectorê which
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determines the filtering lines, formula (14) shows that the projection data at each view angle will be filtered twice. For developing an approximate algorithm, one may reduce the computational load by using only one set of filtering lines.
Using the flat-panel detector coordinates and notations given in Appendix A, we may formulate the following approximate image reconstruction formula for the CC-geometry which solves the long object problem:
are the filtered data using the filtering lines given by:
The coordinate of the fixed detector point (u E (t i ), v E (t i )) are given by:
where λ ≥ 1 is a free parameter. The expressions of L i ( x, t i ), u B (t i , +) for i = 1, 2 are given in the Appendix A and B. The effect of the parameter λ on the reconstruction will be demonstrated in the next section.
VALIDATION OF THE ALGORITHMS
Both analytically generated projection data of mathematical phantoms and experimentally measured projection data were utilized to validate our algorithms.
Mathematical Phantom
A high contrast Defrise phantom and two low contrast Shepp-Logan phantoms were utilized to generate analytical cone-beam projection data. The projection data of one Shepp-Logan phantom is longitudinally truncated (see Appendix C for the parameters for this phantom), while projections of the second Shepp-Logan phantom Figure 5 shows the reconstruction results of a mathematical Defrise phantom using the CC-scan with the proposed algorithm given by Equation (12) and using a single-arc-scan with the FDK algorithm. It is clear that the cone-beam artifacts are only present in the images reconstructed using the single-arc-scan geometry with the FDK algorithm. Figure 6 shows the reconstruction results of a short and a long low-contrast Shepp-Logan phantom using algorithms (12) and (16) . As shown in Figure 6 (a), one observes that for a short object, accurate reconstruction is achieved using the exact algorithm (Equation (12)), while reasonable image quality may be obtained using the approximate algorithm (Equation (16)). As shown in Figure 6 (b), since longitudinal data truncation is present using a long Shepp-Logan phantom, several cupping artifacts are observed in the reconstructed images using the algorithm given by Equation (12) which is exact only for a short object. However, good reconstruction results are obtained using the approximate algorithm (Equation (16)). 
Experimental Data
Experimental projection data of a physical Defrise phantom and a modified Rando phantom (The Phantom Laboratory, NY) from the CC source trajectory and a single arc source trajectory were acquired using a GE INNOVA 4100 clinical system.
4, 5
This modified Rando phantom was constructed by inserting two modules of the Catphan (The Phantom Laboratory, NY) into the head portion of the Rando phantom to make a long object. The cone-beam projection data through the Defrise phantom has no data truncation. For the modified Rando phantom, longitudinal data truncation is present in the acquired data. The experimental parameters for each CC scan are: 70kVp, 100mA, 5ms pulse width, 0.3mm Cu added filtration, and a 12:1 anti-scatter grid. For the single arc scan, in order to maintain similar entrance dose levels, the tube current was doubled and other parameters were kept constant. Using experimentally measured projection matrices, calibration information was incorporated into the reconstruction. 5 The parameters used in the reconstruction are given in the following: gantry radius =726mm, source to detector distance =1200mm, µ 1 Figure 7 shows the reconstructed yz slice of the Defrise phantom using the CCscan with the proposed algorithms given by Equations (12) and (16), and using a singlearc-scan with the FDK algorithm.
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The reconstructed image using an exact algorithm is free of cone-beam artifacts. While good image quality is also achieved using the approximate algorithm. Figure 8(a) shows the reconstructed slices of the Rando phantom using the CCscan with the proposed algorithms given by Equation (12) and Equation (16) . Since the projection data is longitudinally truncated, severe artifacts are present in the images reconstructed using formula (12) (indicated by white arrows in the left column of the Figure 8(a) ). Figure 8(b) shows images reconstructed using the CC-scan with the approximate algorithm (Equation (16)) and a single-arc-scan with the FDK algorithm. Cone-beam artifacts have been suppressed as indicated by the white arrows in the Figure 8(b) . The air gaps between the adjacent slices of the Rando phantom are clearly defined in the images (left in Figure 8(b) ) reconstructed using formula (16) , while the slices of the phantom blend together in the reconstruction using an FDK algorithm and a single arc scan. Note that the entrance dose level is maintained to be similar by reduce the tube current for the CC-scan to be half of that for the single arc scan. 
CONCLUSION
In this paper, shift-invariant FBP type cone-beam image reconstruction algorithms have been developed for the source trajectory of two concentric arcs. This trajectory can be practically implemented using a clinical C-arm system. This trajectory is complete in the sense that the Tuy data sufficiency condition is fulfilled. However, DM-lines do not exist for image points within a large volume. Thus, DM-line based algorithms can not be used in this case.
The algorithms derived here are based upon the Pack-Noo image reconstruction framework and are independent of the existence of DM-lines. Formula (12) can be used to exactly reconstruct a short object where there is no truncation (both longitudinally and transversely ) in the projection data. For a long object, an approximate algorithm has also been developed given by Equation (16) based upon formula (12) . Numerical simulations and experimental data have been provided to validate the new algorithms. The final selection of the image reconstruction algorithm depends upon the object to be scanned (short object or long-object) and the requirements on the reconstruction accuracy. Note that reconstructions performed on C-arm systems are subject to physical factors which degrade reconstruction accuracy such as scattered radiation, noise and the effects of a polychromatic X-ray spectrum. Thus, for C-arm CT a more pragmatic approach is presented here where we have relaxed the criteria of an exact reconstruction in favor of a more practical algorithm which solves the long object problem. The physical phantom experiments presented here demonstrate the utility of the approximate algorithm for C-arm CT.
The reconstruction formulae developed in this paper utilized a particular choice of filtering lines (Equation (13)). There exists flexibility to choose different filtering lines in the Pack-Noo reconstruction scheme. 16 However, how to use this flexibility to design a mathematically exact algorithm which solves the long object problem is still an open question.
APPENDIX A. RECONSTRUCTION FORMULA (EQUATION (12)) IN FLAT-PANEL DETECTOR COORDINATES
Using the third generation flat-panel detector data acquisition geometry, the following local coordinate system is introduced for source points at each arc, i = 1, 2:
The measured projection data labelled by the detector coordinates can be written as:
where
Using the detector coordinates, formula (12) may be rewritten as:
where,
where each filtered data
is obtained by 1D Hilbert filtration of the modified projection data given by
along filtering lines given by
The 1D Hilbert filtering kernel is given by:
where, ∆u is the sampling interval along the u-axis. The implementation steps of the formula (21) are similar to those given in.
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APPENDIX B. EXPLICIT CALCULATION OF THE COORDINATE OF E(Ê V , T ) AND THE REGION S(T ), S 1 (T ), AND S 2 (T )
For the CC scanning geometry given by Equation (9) and a cylindrical object given by Equation (15), we will investigate the relative position of the point E(ê V , t i ) with V = A, B, C, D for the unit vectors given by Equation (13) and the regions S(t i ), S 1 (t i ), and S 2 (t i ). The detector coordinates of the point E(ê V , t i ) are given by:
where D denotes the distance between the source and the detector. Substituting the explicit expressions of the unit vectorsê V in to above formula, we obtain:
The cone-beam projection of the cylindrical object denoted by S(t) is bounded by two dashed lines as shown in Figure 9: (cos η ± cos µ i sin t i − sin η cos t i )(
where η ± = ± arccos r R sin 2 t i + (cos µ i cos t i ) 2 + arctan tan t i cos µ i .
The u-coordinates of the points B ± (t i ) which are the intersection between these two lines with the u-axis are given by:
Since the backprojection range at each arc for a given image point x = (x, y, z) is given by (Equation (21)):
the filtered data at view angle t i will be backprojected into image space for image points with
Using the detector coordinates, the above inequality can be rewritten as :
The backprojection region BP (t i ) for a VOI is thus either to the left or to the right of the line given by
depending on the sign of cos t i . This line also divides the region S(t i ) into two sub-regions. The region which contains BP (t i ) will be denoted by S 1 (t i ) and the other region by S 2 (t i ). An example of these regions on the detector plane is shown in Figure 9 .
For the unit vectorsê V given by Equation (13) , it is easy to see that all the fixed points E(ê V , t i ) are located on the line given by Equation (37) . Especially, the points E(ê V , t i ) for V = A, C are the intersections of two boundary lines of the cone-beam projection of the cylinder and the line given by Equation (37) .
